Abstract. We revisit the problem of electron transport in clean and disordered zigzag graphene nanoribbons, and expose numerous hitherto unknown peculiar properties of these systems at zero energy, where both sublattices decouple because of chiral symmetry. For clean ribbons, we give a quantitative description of the unusual power-law dispersion of the central energy bands and of its main consequences, including the strong divergence of the density of states near zero energy, and the vanishing of the transverse localization length of the corresponding edge states. In the presence of a weak off-diagonal disorder of strength w, which respects the lattice chiral symmetry, all zero-energy localization properties are found to be anomalous. An exact translation of the problem in terms of Brownian motions enables us to derive numerous analytical results. The typical value of the conductance g N of a disordered sample of width N and length L is shown to decay as exp(−C N w √ L), while the relative variance of ln g N approaches a non-trivial constant K N . The dependence of the constants C N and K N on the ribbon width N is predicted. From the mere viewpoint of the transfer-matrix formalism, zigzag ribbons provide a case study with many unusual features. The transfer matrix describing propagation through one unit cell of a clean ribbon is not diagonalizable at zero energy. In the disordered case, we encounter non-trivial random matrix products such that all Lyapunov exponents vanish identically.
Introduction
Ever since the experimental discovery of graphene, the list of its amazing properties increases without let-off [1, 2, 3, 4] . These range from technological aspects, graphene being a light and strong material that conducts charge and heat and can be integrated into many devices, to fundamental features, such as Dirac cones near zero energy, relativistic physics at v F ≪ c, Klein paradox, zero-energy Landau level, and many others.
Investigating electronic properties in the bulk, i.e., for an infinite 2D sheet of graphene, is relatively simple because translation invariance holds in both directions. But an infinite system is an idealization, and, sooner or later, one faces the task of analyzing electronic properties of finite (or semi-infinite) systems, and especially systems with boundaries. This is important if one is interested, for example, in the integration of graphene into an electrical circuit or any other device. The difference of electronic properties between a bulk infinite graphene sheet and a system with boundaries such as a nanoribbon is dramatic. In particular the presence of boundaries may completely modify the spectrum and the structure of its Dirac points. The energy dispersion is indeed known to be intimately related with the geometry of the boundaries [2, 3, 4] .
It therefore comes as no surprise that, since the early days of graphene, an extensive research has been devoted to electronic properties of systems with boundaries in general, and to nanoribbons in particular [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . Nanoribbons are obtained by cutting a stripe out of the 2D graphene sheet along two parallel lines, such that translation invariance is maintained along the stripe. The main possible edge structures are zigzag, armchair and bearded. Electronic properties of graphene ribbons with zigzag edges have been shown to exhibit several peculiar features at zero energy. At this special energy, right at the band center, both sublattices decouple because of chiral symmetry, and the system exhibits flat bands and exponentially localized edge states [2, 6, 7, 9, 11, 14, 15, 17, 20] . Zero energy is also usually the Fermi energy, if the system is neither doped or gated.
In the present work we revisit this problem in a self-contained way, considering successively clean and disordered zigzag ribbons within the one-particle tight-binding framework. This study will unveil many novel features of these systems at zero energy. The unusual power-law dispersion of the central bands provides the leading thread which unites all these properties.
The setup of this paper is as follows. Section 2 is devoted to clean zigzag ribbons. In Section 2.1 we give a fully self-contained account of their band structure and edge states. We emphasize the power-law dispersion of the two central bands around zero energy, and several of its consequences. For a ribbon of width N , i.e., consisting of N coupled chains, this dispersion law reads E ≈ ±Q N , where Q = π − q is the momentum difference relative to the boundary of the Brillouin zone. Surprisingly, this unusual dispersion law, with its exponent equal to the ribbon width N , was previously noticed only in a single recent unpublished work [17] . Section 2.2 contains an investigation of generic zero-energy eigenstates of a semi-infinite ribbon. The structure of a special zero-energy state that has a unit amplitude on the upper left corner of the ribbon reveals a peculiar pattern where the amplitudes build up a Pascal triangle. We then turn in Section 3 to the investigation of zero-energy properties of zigzag ribbons in the presence of a weak off-diagonal disorder of strength w, which respects the so-called chiral symmetry between both sublattices. We investigate in particular the distribution of generic zero-energy eigenstates in Section 3.1 and of the zero-energy conductance in Section 3.2, using the transfer-matrix approach to the electronic conductance of quasi-one-dimensional systems, which has been developed in the early days of mesoscopic physics [21, 22, 23, 24, 25] . The translation of the problem in terms of Brownian motions evolving in a fictitious continuous time τ = w 2 l enables us to derive exact predictions for many quantities of interest. As a general rule, all observables related to localization properties are anomalous. A typical zero-energy wavefunction on a semi-infinite ribbon exhibits an anomalous sub-exponential growth with the distance l from the end of the ribbon, scaling as exp(A n w √ l) on chain number n. The typical conductance g N of a finite disordered ribbon of width N and length L exhibits an anomalous sub-exponential decay with L, scaling as exp(−C N w √ L). Band-center anomalies in quasi-one-dimensional bipartite systems with off-diagonal disorder in the tight-binding formalism have been studied long ago, first in the case of chains [26, 27, 28, 29, 30] , and then for rectangular strips made of N coupled channels for odd N [31, 32, 33, 34] . In the present situation, the source of anomalous behavior is different. Unusual behaviour is predicted at zero energy, irrespective of the number of channels, either even or odd. Section 4 contains a brief discussion of our main findings. In Appendix A we employ elementary methods to study zero-energy properties of a single chain, while Appendix B is devoted to the statistics of zero-energy eigenstates at chain number n = 2.
Clean ribbons
A zigzag graphene nanoribbon consists of N coupled chains, as shown in Figure 1 for N = 3. It is a periodic array whose unit cell (blue box) contains 2N sites. Sites are conveniently labelled i = (m, l), where m = 1, . . . , 2N is the site number within a unit, while l is the cell number along the ribbon. The ribbon is bipartite, with even and odd m corresponding to the two equivalent sublattices, each cell containing N even sites and N odd sites. Figure 1 . A zigzag nanoribbon of width N = 3. Blue box: unit cell containing 6 sites, 3 even ones (full symbols) and 3 odd ones (empty symbols).
Band structure
Zigzag ribbons have been known for long to have unusual electronic properties [2, 6, 7, 9, 11, 14, 15, 17, 20] . The existence of localized edge states at zero energy and the flatness of the central bands near the boundaries of the Brillouin zone are the most salient of these characteristic properties, which are absent in other geometries, such as armchair ribbons or nanotubes.
Let us begin with a self-contained direct derivation of the band structure of zigzag ribbons, without using the two-dimensional band structure of the graphene sheet. We consider the one-particle tight-binding Hamiltonian
where the sum runs over pairs of nearest neighbors, and the hopping amplitude has been set to unity. For an eigenstate at energy E, the amplitudes ψ m,l obey
Let us consider an infinitely long ribbon and look for Bloch states of the form
where the longitudinal momentum q is in the first Brillouin zone (|q| ≤ π). The transverse amplitudes φ m obey the relations
We thus obtain an effective q-dependent tight-binding model on a finite dimerized chain of 2N sites [2, 17] , as shown in Figure 2 . The hopping amplitudes originating from vertical bonds (single black lines) equal unity, whereas those originating from pairs of oblique bonds (double red lines) equal γ. Looking for a solution to (2.4) of the form 6) where p is the transverse momentum, we obtain the transverse dispersion relation
and the quantization condition
The above equations [2, 15, 17] possess two kinds of solutions.
• Bulk states, corresponding to real values of p, are transversely extended. Their energies read
• Edge states, corresponding to complex values of p, of the form p = π + iκ, are exponentially localized in the transverse direction (φ 2n+1 ∼ φ 2n+2 ∼ (−1) n e ±nκ ). The existence of localized edge states has been known for long [2, 6, 7, 11, 14, 15, 17] . In the present framework, we have sinh N κ = γ sinh(N + 1)κ (2.10) and the corresponding energies read
The resulting band structure is shown in Figure 3 for N = 6. Edge states only contribute to the wings of the central bands. More precisely, for |q| < q N , with 12) all the bands correspond to bulk states. In the wings of the Brillouin zone (|q| > q N ), the two central bands correspond to edge states. Both expressions (2.9) and (2.11) agree to give E = ±1/(N + 1) at the transition points q = ±q N (symbols). The transverse localization length ξ of the edge states is obtained by taking the N → ∞ limit in (2.10). We thus obtain [6, 7, 11, 14, 15, 17] 1
The localization length ξ diverges at the threshold for the occurrence of edge states, q ∞ = lim q N = 2π/3. This simple result can be predicted by means of a topological argument based on the Zak phase [16] . It is worth scrutinizing the vicinity of the boundaries of the Brillouin zone. Right at the boundaries (q = ±π), the hopping amplitude γ vanishes, and so the dimerized chain splits up into (N − 1) dimers and two isolated atoms at the endpoints. Now, setting |q| = π − Q, with Q small, we have
14)
The pairs of dimer levels (E = ±1) hybridize to give 2(N − 1) bands of bulk states, with p ≈ aπ/N , and so
The two atomic levels (E = 0) give rise to the central bands of edge states. Equations (2.11) and (2.14) yield
The wings of the central bands therefore obey an unusual power-law dispersion, whose exponent is the ribbon width N , and whose prefactor is exactly unity. This result, which has far reaching consequences, seems to have been noticed so far only in [17] .
The contribution of the central bands to the density of states per site therefore diverges as a power law as E → 0, for any N ≥ 2, according to
This divergence explains the observed unusual behavior [7] of the flatness index η, defined as the portion of the central bands contained in a small energy interval |E| < ∆ around zero energy. We indeed predict
Another consequence of the power-law dispersion (2.16) is the vanishing of the transverse localization length ξ of the edge states as E → 0, according to 1
Generic zero-energy eigenstates
The above analysis of the band structure demonstrates that zero energy is very peculiar, as it coincides with the endpoints of the two central bands of edge states, with the power-law dispersion (2.16). On an infinitely long ribbon, the Hamiltonian (2.1) has only two zero-energy Bloch states, one living on each sublattice:
These states are strictly confined at the edges, in agreement with the fact that ξ → 0 as E → 0 (see (2.19) ).
It is therefore natural to wonder what generic zero-energy eigenstates look like, besides the above Bloch states which live on an infinitely long, translationally invariant ribbon. The goal of this section is to investigate this question in detail.
As expected from chiral symmetry, the tight-binding equations (2.2) on both sublattices decouple at zero energy. Furthermore, they can be recast into the recursive form
For definiteness, we consider a semi-infinite ribbon starting with cell number l = 0 and extending infinitely far to the right. Furthermore, we focus our attention onto the even sublattice. The recursion relations (2.21) can be solved as follows.
• For n = 2, we have ψ 2,l+1 = −ψ 2,l , and so
The initial condition ψ 2,0 is arbitrary.
• For n = 4, we have ψ 4,l+1 = −ψ 2,l+1 − ψ 4,l , and so
In particular ψ 4,0 = −ψ 2,0 .
• For n = 6, we have ψ 6,l+1 = −ψ 4,l − ψ 6,l , and so
The initial condition ψ 6,0 is arbitrary.
• For n = 8, we have ψ 8,l+1 = −ψ 6,l+1 − ψ 8,l , and so
In particular ψ 8,0 = −ψ 6,0 .
The above results show the structure of a generic zero-energy eigenstate on the even sublattice of a semi-infinite ribbon. The arbitrary initial values are those at the leftmost column of sites, i.e., ψ 4k+2,0 . The amplitudes grow as various powers of the distance l along the ribbon. The fastest growth is proportional to the initial condition ψ 2,0 .
It is worth considering in more detail the special eigenstate obtained if the only non-zero initial condition at l = 0 is ψ 2,0 = 1. This special zero-energy eigenstate is remarkable. Its amplitudes build up a Pascal triangle. In other words, they can be expressed in terms of binomial coefficients:
A similar construction of a symmetric zero-energy eigenstate induced by a single defect has been given in [19] . This special eigenstate is shown in Figure 4 for N = 6. Positive (resp. negative) amplitudes are shown as red (resp. blue) symbols. Full lines show the boundaries of the eigenstate, where amplitudes equal ±1. The dashed line shows the symmetry axis of the eigenstate (l = 3k or 3k + 1). The amplitudes of the special eigenstate grow as successive powers of l:
The fastest growth is observed for n = N , i.e., at the lower edge of the ribbon. The eigenstate thus becomes more and more strongly localized at the lower edge as one goes deeper and deeper into the semi-infinite ribbon. This observation goes hand in hand with the strict confinement of the zero-energy Bloch states (2.20) at the edges, and with the fact that ξ → 0 as E → 0 (see (2.19) ).
A few words about the relation of the above eigenstates to the usual notion of a normalizable wavefunction are in order. Generic generic eigenstates solve the zero-energy one-boundary problem, where we impose the amplitudes at one end of a semi-infinite ribbon and propagate the solution by the tight-binding equations or, equivalently, by the transfer matrix. The eigenstates thus constructed are not normalizable in general. This should not be a surprise, as they do not solve the standard (two-boundaries) Sturm-Liouville problem. In the presence of off-diagonal disorder, generic eigenstates will be shown to grow subexponentially with distance l (see (3.22) ).
Disordered ribbons
We now turn to the study of electronic properties of zigzag ribbons with off-diagonal disorder. The corresponding Hamiltonian reads
where the sum runs over pairs of nearest neighbors, and the hopping amplitudes t ij are independent random variables. This type of disorder respects the lattice chiral symmetry. It may therefore be expected to keep some of the peculiar zeroenergy features of clean ribbons. Tight-binding Hamiltonians with off-diagonal disorder on some other bipartite structures [29] , including chains [26, 27, 28, 30] and strips [31, 32, 33, 34] , have been shown to exhibit anomalous localization at zero energy. Throughout this section, we focus our attention onto zero-energy properties. We parametrize the hopping amplitudes as
where the ε ij are independent random variables, drawn from an unspecified symmetric probability distribution such that ε ij = 0 and var (ε ij ) = w 2 . ‡ The positive parameter w thus represents the disorder strength.
For convenience, we introduce the notations
for the hopping amplitudes attached to various types of bonds, as shown in Figure 5 . 
Zero-energy eigenstates
In this section we investigate the behavior of generic zero-energy eigenstates of the disordered Hamiltonian (3.1), following the line of thought of Section 2.2. At zero energy, the disordered tight-binding equations can be recast into a recursive form generalizing (2.21) and (2.22):
Here again, we consider a semi-infinite ribbon starting with unit number l = 0, and extending infinitely far to the right, and we focus our attention onto the even sublattice. It is advantageous to recast the recursion relations (3.4) as difference equations. To do so, let us introduce the products
(3.6) ‡ The bar denotes an average over the disorder, and we use the notation var (X) = X 2 − X 2 for the disorder variance of a quantity X.
we obtain
These difference equations can again be solved recursively.
• For n = 2, we have
i.e., S 2,l = ψ 2,0 , where the initial condition ψ 2,0 is arbitrary.
• For n = 4, we have
with
In particular S 4,0 = w 1,0 and ψ 4,0 = −(w 1,0 /u 2,0 )ψ 2,0 .
It is again worth considering the special zero-energy eigenstate on the even sublattice for which the initial condition is ψ m,0 = δ m,2 . It is readily seen that all the quantities S 2n,l are positive. As a consequence, the amplitudes ψ 2n,l of the special eigenstate on a disordered ribbon have exactly the same signs as expressions (2.27), irrespective of the realization of disorder, i.e., of the draw of the hopping rates t ij .
The analysis of the magnitudes |ψ 2n,l | is more subtle. Beginning with n = 2, we consider the quantity
The rightmost side is the sum of 2l independent random variables with zero mean and variance w 2 . For a large distance l, by the central limit theorem, this sum behaves asymptotically as a Gaussian variable with zero mean and variance 2w 2 l, i.e.,
More generally, for arbitrary k, all the quantities
are asymptotically independent Gaussian variables with zero mean and variance 2w 2 l.
It is therefore legitimate to use a continuum approximation. Let us introduce the fictitious continuous time
The quantities X n,l become independent Gaussian processes X n (τ ), known as Brownian motions, such that
The connection between off-diagonal disorder at zero energy and random walks (or Brownian motions, which are nothing but the continuum limit thereof) has been known for long in the case of the chain [26, 27, 28, 30] . Moreover, in the weak-disorder regime of most interest (w 2 ≪ 1), the vertical hopping rates w n,l can be set equal to unity. Within this continuum framework, (3.7) and (3.8) can be recast as
These equations can be solved recursively in terms of the Brownian motions X n (τ ), as 18) and so on. In the regime of long distances (τ ≫ 1), the growth of the amplitudes |ψ 2n,l | can be estimated by evaluating the integrals (3.17) by the saddle-point method, i.e., by looking for the times τ ′ , τ ′′ , . . . which maximize the integrands. We thus obtain ln |ψ 2n,l | ≈ M n (τ ) + X n (τ ), (3.19) where the M n (τ ) are non-trivial random processes, defined by the recursion relation 20) with M 1 (τ ) = 0. The processes M n (τ ) inherit the diffusive scaling of the Brownian motions X n (τ ) which generate them. We have therefore in particular
where the amplitudes A n and B n are constants which depend only on n, the chain number. The above observation yields the scaling laws
These formulas are the main result of this section. They can be argued to hold irrespective of the disorder strength, beyond the continuum weak-disorder regime.
We thus predict that a generic zero-energy eigenstate grows subexponentially with distance l on a disordered ribbon. We recall that this growth follows a power law on a clean ribbon (see (2.28)). We shall come back in the discussion to the connection between the growth laws (2.28) and (3.22) and the transfer-matrix formalism. We have not succeeded in evaluating exactly the constants A n and B n , except in the following two cases. For n = 1, the result (3.13) yields the simple results
For n = 2, the problem boils down to the distribution of the maximum of a single Brownian motion (see Appendix B). We thus obtain
For higher n, we have obtained numerical values of A n and B n by means of a direct simulation of the coupled random processes X n (τ ) and M n (τ ). Figure 6 shows plots of A 2 n and 1/B 3 n against chain number n, up to n = 100. The good quality of the linear fits strongly suggests that A n and B n scale for large n as In order to illustrate the above results, Figure 7 shows the special zero-energy eigenstate on the even sublattice of semi-infinite disordered ribbons of width N = 4. The hopping rates are drawn from the uniform distribution in the interval − √ 3 ≤ ε ≤ √ 3, corresponding to a disorder strength w = 1. Colors code for five different realizations of disorder. The four panels show plots of ln |ψ 2n,l | against the distance l along each chain. Smooth lines show averages of the plotted quantities over many samples, growing asymptotically as A n √ l (see (3.22) ). For n = 1, the tracks behave as Brownian motions and have zero average. For higher n (other panels), averages increase with n (in agreement with the slow growth of A n with n), while individual tracks show less and less dispersion around the averages (in agreement with the slow fall-off of B n with n).
Zero-energy conductance
In this section we investigate the zero-energy conductance of a disordered zigzag ribbon sample of length L and width N , connected to two leads consisting of semi-infinite clean ribbons of the same width. We shall use the transfer-matrix approach to the electronic conductance [21, 22, 23, 24, 25] . Let us start with a brief reminder of this formalism. The 2N × 2N transfer matrix T E describing the propagation across one unit cell of a clean ribbon at energy E is obtained by recasting the tight-binding equations (2.2) into the form
Taking for definiteness the example of N = 2, we thus obtain
Looking for an eigenvalue of T E of the form y = e iq , we obtain the dispersion law
with the notation (2.5). The above expression agrees with (2.7) and (2.8). Right at zero energy, the transfer matrix
is not diagonalizable. Indeed, its characteristic polynomial reads (y + 1) 4 , whereas the eigenvalue y = −1, corresponding to the boundaries of the Brillouin zone (q = ±π), has only two independent eigenvectors, 30) in correspondence with the two zero-energy Bloch states (2.20). The peculiar structure of T 0 is stable by multiplication. The matrix describing the propagation across a clean ribbon of width N = 2 and length L at zero energy indeed reads
The power-law growth of the elements of T L 0 , is due to the feature that T 0 is not diagonalizable. It is also closely related to the power-law growth of generic zero-energy eigenstates on clean ribbons, investigated in Section 2.2. Now, let T be the 2N × 2N transfer matrix describing the propagation across the disordered sample of length L at zero energy. The structure of the tight-binding equations (3.4) and (3.5) implies that the non-zero elements of T are T 2k,2l for k ≥ l and T 2k+1,2l+1 for k ≤ l. For N = 2, we thus obtain
The transfer matrix T reduces to T L 0 in the absence of disorder. The non-zero elements of both matrices are at the same positions, irrespective of the disorder realization.
According to the transfer-matrix approach [21, 22, 23, 24, 25] , the dimensionless conductance g N of the sample (in units of e 2 /h and per spin degree of freedom) reads
where the subscript N denotes the number of channels (i.e., half the size of the transfer matrix), while the number a = 1, . . . , N labels the channels, and the x a are the eigenvalues of the matrix §
where the matrix
is obtained by rotating the transfer matrix T of the sample to a basis where the transfer matrix T 0 of the leads is diagonal. In other words, the columns of R are right eigenvectors of T 0 .
In the present situation, we are therefore facing an obstacle, as the transfer matrix T 0 is not diagonalizable. This peculiarity is related to the fact that there are only two Bloch states (2.20) at zero energy. A natural way of regularizing the problem consists in considering a small non-zero energy E. The eigenvalues y a of T 0 can then be derived from the power-law dispersion (2.16) of the central bands, i.e., Q 2N = E 2 . We have therefore
where the momentum scale Q 0 is given by
while the complex number
is the first 2N th root of unity. The momentum scale Q 0 provides a cutoff length below which zero-energy properties are approximately valid. A finite ribbon of length L can indeed be expected to exhibit zero-energy features for Q 0 L ≪ 1, and to be effectively far from zero energy in the opposite regime (Q 0 L ≫ 1).
In order to proceed, it is advantageous to change basis according to the following formulas.
• For N = 2K even, we set
• For N = 2K + 1 odd, we set
with the notationsk = K + k, η = sign(E), ω 0 = iQ 0 , and where r a,m denotes the components of the right eigenvector associated with the eigenvalue y a in the original basis, where sites are labelled m = 1, . . . , 2N .
The above change of basis makes the eigenvectors look much simpler. The matrix R thus defined indeed factorizes as R = QF , up to inessential phase conventions that we shall not mention explicitly, where
while F is the matrix of the finite Fourier transform, with elements
We have F † F = I. So, in the E → 0 limit, the matrix
is unitarily equivalent to the matrix
Therefore, in the E → 0 limit, the eigenvalues of M coincide with the diagonal elements T m,m of the sample transfer matrix T . The eigenvalues of M † M then read |T m,m | 2 . The first correction to the limit (3.45) is proportional to the momentum scale Q 0 (see (3.38) ). Finally, the diagonal elements T m,m can be expressed in terms of the Brownian motions introduced in Section 3.1. We have indeed
where the X n (τ ) are independent Brownian motions such that X 2 n (τ ) = 2τ , with τ = w 2 L. Using (3.46), we thus obtain the following result for the dimensionless zero-energy conductance of a disordered sample of length L:
In the case of the chain (N = 1), the formula
can be derived by elementary means (see (A.13)). Our prediction (3.47) can therefore be stated as follows: the zero-energy conductance g N is the sum of the conductances of N independent chains. This result seems at first sight hardly compatible with the existence of only two zero-energy Bloch states (2.20) on an infinitely long clean ribbon. The power-law dispersion law (2.16) however shows that all channels are marginally open at zero energy, resolving thus the apparent contradiction.
The distribution of the conductance g N therefore reads
where stars denote convolution products, while the distribution f (g) of the conductance of a single chain is derived in (A.14). The above result is however not very
We use the notation f (g) for the distribution (probability density) of g, as a shorthand for fg(g), whenever there is no ambiguity.
useful for practical purposes. More explicit predictions can be made for short and long samples.
For short enough samples, or a weak enough disorder, such that w 2 L ≪ 1, the result (3.47) simplifies as
(3.50)
The distribution of the conductance is therefore peaked around the maximal ballistic value (g N = N ), as should be:
We have in particular
The behavior of the conductance in the regime of long samples (w 2 L ≫ 1) can be investigated as follows. Typically, i.e., for most realizations of disorder, the result (3.47) is dominated by the most conducting chain. We thus have
where |X min (τ )| is the smallest absolute value of the N Brownian motions. The latter quantity reads
and so
where z N is the smallest of N independent random numbers x n , drawn from the normalized half-Gaussian law
The distribution of z N can be obtained by means of a standard argument from extremevalue statistics [35] . We have Prob{x n > x} = erfc x, where
is the complementary error function, and so Prob{z N > z} = (erfc z) N , and
The scaling behavior of the distribution of ln g N for typical long samples is readily obtained by inserting the distribution (3.58) into the formula (3.55):
The latter expressions have been derived from (3.58) by means of integrations by parts. The formulas (3.59) and (3.60) constitute the main results of this section. They can be argued to hold irrespective of the disorder strength w, beyond the continuum weak-disorder regime. We thus predict that the typical zero-energy conductance g N of a disordered sample decays as exp(−C N w √ L) (i.e., subexponentially) with its length L. Moreover, the conductance distribution is far from the conventional lognormal form suggested by the one-parameter scaling theory of Anderson localization. Indeed the relative variance of ln g N approaches a non-trivial constant:
For the first values of N , the moments involved in (3.61) can be worked out explicitly. We thus get
and
(3.65)
For wide ribbons (N ≫ 1), the distribution (3.58) of z N becomes a narrow exponential:
We thus obtain the following limits as N → ∞: Figure 8 shows plots of N C N , N 2 D N and K N against the ribbon width N . Horizontal lines show the limits (3.67). Figure 9 shows a plot of ln g N against w √ L, for ribbon widths up to N = 6. Each data point has been obtained by averaging the conductances of 10 7 realizations of disorder. Straight dashed lines show the asymptotic result (3.60). All the curves for N ≥ 3 present an inflection point.
We close with a few illustrations of the full distribution of the zero-energy conductance g N . The forthcoming histograms have been obtained from 10 7 independent realizations of disorder. Figure 10 shows the distribution of g N for N = 2 and N = 4 and several values of τ = w 2 L. Near the maximal ballistic conductance (g N → N ), the quadratic approximation (3.50) holds, and so the distribution has the power-law behavior of (3.51), i.e., This explains why the plotted distributions have finite limiting values for N = 2, while they vanish linearly for N = 4. The conductance distributions also exhibit internal singularities at integer values of the conductance (g N = 1, 2, . . .), in correspondence with channel thresholds. Figure 11 shows the distribution of ln g N for N = 2 and N = 4 and w 2 L = 100. The histograms (black curves) consist of a smooth background, which is reproduced to a very high accuracy by our analytical prediction (3.59) (red curves), and of a narrow peak corresponding to g N = 1. The height of this peak exceeds the vertical scale of the plot, while the peaks at higher integer values of g N are not visible. 
Discussion
The present paper comes after many earlier works devoted to the electronic properties of zigzag nanoribbons [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . It is therefore useful to sum up our main findings.
As far as clean ribbons are concerned (Section 2), our main point has been to emphasize the role of the unusual power-law dispersion of the central bands. The wings of these bands have been known for long to consist of localized edge states. The associated power-law dispersion (2.16), with its exponent equal to the width N of the ribbon, seems however to have been noticed so far only in [17] . This scaling result has several far reaching consequences. It is in particular responsible for the strong powerlaw divergence (2.17) of the density of states near zero energy, and for the vanishing of the localization length of the edge states (2.19) . Another characteristic property of clean ribbons is the existence of only two zero-energy Bloch states (2.20) , irrespective of the ribbon width. A related matter concerns the structure of generic zero-energy eigenstates in a semi-infinite geometry. These eigenstates grow as various powers of the distance to the end of the ribbon (see (2.28) ).
For a finite ribbon of length L, these zero-energy features are only valid in a tiny neighborhood of zero energy, defined by the condition Q 0 L ≪ 1, where the momentum scale reads Q 0 = |E| 1/N (see (3.38) ). In the situation where the numerical calculations reported in [20] have been performed, i.e., N = 8 and E = 10 −6 , we predict a surprisingly sizeable momentum Q 0 = 0.18, in spite of the very small nominal value of energy. The system is therefore effectively far from zero energy as soon as its length L exceeds the very modest length of 1/Q 0 ∼ 6 units, shorter than its width. This may explain why the beauties described in the present work were not unveiled by the numerical approach used in [20] .
In the presence of hopping (off-diagonal) disorder, which respects the lattice chiral symmetry (Section 3), our leitmotiv is that all zero-energy localization properties are anomalous. As a matter of fact, all observables which would either grow or decay exponentially in the case of conventional Anderson localization exhibit an anomalous subexponential behavior on disordered zigzag ribbons at zero energy. This holds especially for typical wavefunctions of generic eigenstates in a semi-infinite geometry, which grow exponentially as a function of w √ l (see (3.22) ), and for the typical conductance of finite disordered samples of length L, which falls off exponentially as a function of w √ L (see (3.60)). These exact scaling results involve constants A n , B n , C N and D N which depend only on the channel number n or on the ribbon width N . We have derived the exact constants C N and D N by means of extremevalue statistics. It would be desirable to find out an analytical way of deriving the asymptotic behavior (3.25) of the constants A n and B n .
These findings can be put in perspective with zero-energy properties of disordered strips made of N coupled channels [31, 32, 33, 34] . In the latter case, with off-diagonal disorder, localization properties have been shown to be conventional whenever N is even, and unconventional whenever N is odd, with subexponential scaling properties germane to those we have found on zigzag ribbons. Ribbons and strips could be expected to have some common features. Indeed the situation of a single chain, investigated by elementary means in Appendix A, can be recovered as the particular case N = 1 of both ribbons and strips. The plenty of analytical results derived in this paper however testifies that zigzag ribbons lend themselves to many exact calculations, which would just not be possible in other geometries, including strips or armchair ribbons.
Finally, from the viewpoint of the transfer-matrix formalism, disordered zigzag ribbons provide an interesting case study with many unusual features. The transfer matrix T 0 , describing electron propagation through one unit cell of a clean ribbon at zero energy, is not diagonalizable. This property originates in the existence of only two zero-energy Bloch states, irrespective of the ribbon width. These features have a remarkable consequence, namely the power-law growth of generic zero-energy eigenstates in a semi-infinite geometry. In the presence of hopping (off-diagonal) disorder, the elements of the matrix products T , describing propagation through whole disordered samples, exhibit an anomalous subexponential growth, related to the similar growth of generic eigenstates and to the subexponential falloff of the conductance. It is worth recalling that, in a situation exhibiting conventional Anderson localization, the matrix product T would grow as exp(γL), with γ > 0 being the largest Lyapunov exponent of the matrix product. In the present case of zigzag ribbons with off-diagonal disorder at zero energy, the subexponential growth of T implies that γ vanishes. To sum up, we have thus explicitly constructed non-trivial random matrix products such that all Lyapunov exponents vanish identically.
in terms of the initial values ψ 0 and ψ 1 , where we have introduced the products
Reflection, transmission, and conductance
In order to calculate the reflection and transmission amplitudes r and t of the disordered sample at zero energy, we impose the following wavefunction in the leads
describing the scattering of a particle incoming from the left with momentum q (at zero energy, we have q = π/2). First, using the second line of (A.3) for l = 0 and l = L, we obtain the four boundary amplitudes:
Then, using (A.4), we can express the reflection and transmission amplitudes in terms of the products V L and U L :
These reflection and transmission amplitudes are real. They obey r 2 + t 2 = 1, as should be. The reflection amplitude r vanishes if the equality
is fulfilled. This is the condition on the disorder realization for the disordered segment of length 2L to admit an exact zero-energy eigenstate with either periodic (if L is even) or anti-periodic (if L is odd) boundary conditions. We have then t = (−1) L . Let us introduce the quantity
The rightmost side is the sum of 2L independent random variables with zero mean and variance w 2 . Hence X L behaves for L ≫ 1 as a Gaussian variable with zero mean and variance 2τ , with the shorthand τ = w 2 L. The distribution of X L therefore reads
This asymptotic result holds irrespective of the disorder strength w. The expressions (A.8) can be recast as
The dimensionless conductance of the disordered segment at zero energy is therefore
The distribution of g can be obtained by changing variables from X L to g in (A.11):
(A.14)
Transfer-matrix formalism
Our last goal is to check that the result (A.13) is correctly predicted by the transfermatrix formalism exposed in Section 3.2. In the present case, it is advantageous to define the transfer matrix T n associated with bond number n at zero energy as follows:
We have explicitly
The transfer matrices thus defined have unit determinant, and they are statistically independent from each other. The transfer matrix T describing the propagation across the whole disordered sample reads We have therefore
The matrix M thus obtained is real symmetric. The eigenvalues of M † M are therefore the squares of those of M, i.e., e ±2XL . Finally, (3.33) and (3.34) yield the expected result (A.13).
Appendix B. Statistics of zero-energy eigenstates at chain number n = 2
In this Appendix we calculate the amplitudes A 2 and B 2 (see (3.24) ) which govern the statistics of zero-energy eigenstates on a disordered ribbon for n = 2.
Let us introduce the following linear combinations of X 1 (τ ) and X 2 (τ ):
x(τ ) = X 1 (τ ) − X 2 (τ ), y(τ ) = X 1 (τ ) + X 2 (τ ).
(B.1)
The latter processes are independent Brownian motions, so that x 2 (τ ) = y 2 (τ ) = 4τ . Moreover, for n = 2, (3.19) and (3.20) read The joint distribution of the final position x(τ ) and of the maximum m(τ ) for a single Brownian motion starting at the origin can be determined by the method of images [35] . For an unrestricted Brownian motion starting at a generic position x 0 at time t = 0, the probability density of being at position x at time t is given by the free Green's function G(x, τ ; x 0 ) = e
If the Brownian motion is constrained to obey x(τ ′ ) < m for all times 0 < τ ′ < τ , the probability density is given by the Dirichlet Green's function These results yield the amplitudes A 2 and B 2 announced in (3.24). The last two terms on the right-hand side of (B.10) cancel each other, so that we have (ln |ψ 4,l |) 2 ≈ m 2 (τ ). This unexpected identity extends neither to higher moments nor to higher n.
